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Abstract 



In this paper, we use localization algebras to study higher rho invariants of 
■ closed spin manifolds with positive scalar curvature metrics. The higher rho in- 

. variant is a secondary invariant and is closely related to positive scalar curvature 

problems. The main result of the paper connects the higher index of the Dirac 
' operator on a spin manifold with boundary to the higher rho invariant of the 

'sj" . Dirac operator on the boundary, where the boundary is endowed with a positive 

CS| ! scalar curvature metric. Our result extends a theorem of Piazza and Schick [21]. 

O 

1 Introduction 

^ . Ever since the index theorem of Atiyah and Singer [3], the main goal of index theory 

! has been to associate (topological or geometric) invariants to operators on manifolds. 

The Atiyah-Singer index theorem states that the analytic index of an elliptic operator 
on a closed manifold (i.e. compact manifold without boundary) is equal to the topo- 
logical index of this operator, where the latter can be expressed in terms of topological 
information of the underlying manifold. The corresponding index theorem for mani- 
folds with boundary was proved by Atiyah, Patodi and Singer [1]. Due to the presence 
of the boundary, a secondary invariant naturally appears in the index formula. This 
secondary invariant depends only on the boundary and is called the eta invariant [2]. 

When one deals with (closed) manifolds that have nontrivial fundamental groups, 
it turns out that one has a more refined index theory, where the index takes values 
in the K-theoij group of the reduced C*-algebra of the fundamental group. This is 
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now referred to as the higher index theory. One of its main motivations is the Novikov 
conjecture, which states that higher signatures are homotopy invariants of manifolds. 
Using techniques from higher index theory to study the Novikov conjecture traces back 
to the work of Miscenko [20]. With the seminal work of Kasparov [16], and Connes and 
Moscovici [11], this line of development has turned out to be fruitful and fundamental 
in the study of the Novikov conjecture. Further development was pursued by many 
authors, as part of the noncommutative geometry program initiated by Connes [9, 10]. 

As the higher index theory for closed manifolds has important applications to topol- 
ogy and geometry, one naturally asks whether the same works for manifolds with 
boundary. In other words, we would like to have a higher version of the Atiyah-Patodi- 
Singer index theorem for manifolds with boundary. This turns out to be a difficult 
task and we are still far away from having a complete picture. In particular, a higher 
version of the eta invariant arises naturally as a secondary invariant. However, we do 
not know how to define it in general. This higher eta invariant was first studied by Lott 
[19]. For a fixed closed spin manifold M, the higher eta invariant is an obstruction for 
two positive scalar curvature metrics on M to lie in the the same connected component 
of TZ'^{M) the space of all positive scalar curvature metrics on M. 

The connection of higher index theory to positive scalar curvature problems was 
already made apparent in the work of Rosenberg (cf. [24]). The applications of the 
higher eta invariant to the study of positive scalar curvature metrics on manifolds can 
be found in the work of Leitchnam and Piazza (cf. [18]). The higher rho invariant is a 
variant of the higher eta invariant. It was also first investigated by Lott in the cyclic 
cohomological setting [19] (see also Weinberger's paper for a more topological approach 
[26]). In a recent paper of Piazza and Schick [21], they studied the higher rho invariant 
on spin manifolds equipped with positive scalar curvature metrics, in the i^-theoretic 
setting. In particular, their higher rho invariant lies in the i^"-theory group of certain 
C*-algebra. 

In this paper, we use localization algebras (introduced by the second author [28, 29]) 
to study the higher rho invariant on spin manifolds equipped with positive scalar 
curvature metrics. Let be a spin manifold with boundary, where the boundary 
ON is endowed with a positive scalar curvature metric. In the main theorem of this 
paper, we show that the A"-theoretic "boundary" of the higher index class of the Dirac 
operator on A^ is identical to the higher rho invariant of the Dirac operator on ON . 
More generally, let M be a m-dimensional complete spin manifold with boundary DM 
such that 

(i) the metric on M has product structure near DM and its restriction on dM, 
denoted by /i, has positive scalar curvature; 

(ii) there is an proper and cocompact isometric action of a discrete group F on M; 

(iii) the action of F preserves the spin structure of M. 

We denote the associated Dirac operator on M by Dm and the associated Dirac op- 
erator on dM by Dqm- With the positive scalar curvature metric h on the boundary 
dM, we can naturally define the higher index class lnd{DM) of Dm and the higher rho 
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invariant p{DQM,h) of Dqm (see Section 2.2 and 2.3 for the precise definitions). This 
higher rho invariant p{DQM,h) lives in the i^-theory group Km-i{ClQ{dM)^). Here 
C£q(9M)^ is the kernel of the evaluation map ev : Cl{dM)^ — >■ C*{dM)^ (see Section 
2.2 and 2.3 below for the precise definitions). Notice that the short exact sequence of 
C*-algebras 

^ CloiMf Cl{Mf C*{Mf -> 
induces the following long exact sequence in i^-theory: 

• ■ ■ ^ K,{Cl{Mf) ^ K,{C*{Mf) % K,^^{Cl^{Mf) ^ K,^^{Cl{Mf) ^ ■ ■ ■ . 
We have the following main theorem of the paper. 
Theorem A. 

9m(Ind(L'M)) = piDdM, h). 

In fact, a priori, c}m(Ind(DM)) and p{Dqm, h) live in different i^'-theory groups. The 
equality in the theorem above holds only after some natural identifications of various 
i^T-theory groups. We refer to Theorem 22 for the precise statement. This theorem 
extends a theorem of Piazza and Schick [21, Theorem 1.17] to all dimensions. 

As an immediate application, one sees that nonvanishing of the higher rho invariant 
is an obstruction to extension of the positive scalar curvature metric from the boundary 
to the whole manifold (cf. Corollary 25 below). Moreover, the higher rho invariant 
can be used to distinguish whether or not two positive scalar curvature metrics are 
connected by a path of positive scalar curvature metrics (cf. Corollary 26 below). In 
a similar context, these have already appeared in the work of Lott [19], Botvinnik and 
Gilkey [7], and Leichtnam and Piazza [18]. 

We shall also use the theorem above to map Stolz's positive scalar curvature exact 
sequence to the exact sequence of Higson and Roe. Recall that Stolz introduced in [25] 
the following positive scalar curvature exact sequence 

— > ^^Si(5r) — > KTi(5r) — > Posr (sr) — > nt''{BT) — > 

where BT is the classifying space of a discrete group P. Moreover, f2^P™(i?P) is the 
spin bordism group, Pos^p™(-BP) is certain structure group of positive scalar curvature 
metrics and -R^^'J(-BP) is certain obstruction group for the existence of positive scalar 
curvature metric (see Section 5 below for the precise definitions). This is analogous 
to the surgery exact sequence in topology. In fact, for the surgery exact sequence, 
Higson and Roe constructed a natural homomorphism [12, 13, 14] from the surgery 
exact sequence to the following exact sequence of i^'-theory of C*-algebras: 

-> Kn+i{BV) ^ ir„+i(C;(P)) ^ Kl^^{D\T)) ^ Kn{BV) ^ 

where C*(P) is the reduced C*-algebra of P and D*{V) = D*{X)^ for any proper 
metric space X equipped with a proper and cocompact isometric action of P (see 
Section 2.2 for the precise definition). Hence this exact sequence of Higson and Roe 
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provides natural index theoretic invariants for the surgery exact sequence. Moreover, 
it is closely related to the Baum-Connes conjecture. 

It is a natural task to construct an similar homomorphism from the Stolz's positive 
scalar curvature exact sequence to the Higson-Roe exact sequence. This was first taken 
up in a recent paper of Piazza and Schick [21], where they showed that the following 
diagram commutes when + 1 is even: 

— > fiSi(^r) > KTi(^r) > PosriBV) > (sr) — > 

>K^+i{BT) >ir„+i(C;(r)) >K^^,{D*{T)) >Kn{BT) > 

Here all the vertical maps are naturally defined (cf. Section 5 and 6). 

Of course, one would expect the above diagram to commute for all dimensions, 
regardless of the parity of n + 1. In this paper, we show this is indeed the case. 
Regarding the method of proof, we use a different approach, which appears to be more 
conceptual than that of Piazza and Schick. In particular, our proof works equally well 
for both the even and the odd cases. More precisely, we have the following result. 

Theorem B. Let X be a proper metric space equipped with a proper and cocompact 
isometric action of a discrete group F. For all ri G N, the following diagram commutes 

Indi 

One of the main concepts that we use is the notion of localization algebras. We 
refer the reader to Section 5 for the precise definitions of various terms. We point out 
that the second row of the above diagram is canonically equivalent to the long exact 
sequence of Higson and Roe (see Proposition 34 below for a proof). 

We also remark that = K^_^^{X), where the latter group is the 

equivariant /^-homology with F-compact supports of X [28, Theorem 3.2]. If X = ET 
the classifying space of F-proper actions, then the map 

ir„+i(Q(X)r)->ir„+i(C*(X)r) 

in the above commutative diagram can be naturally identified with the Baum-Connes 
assembly map (cf. [4]). In principle, the higher rho invariant could provide nontrivial 
secondary invariants that do not lie in the image of the Baum-Connes assembly map. 

The paper is organized as follows. In Section 2, we recall the definitions of various 
basic concepts that will be used later in the paper. In Section 3, we carry out a 
detailed construction for the higher index class of the Dirac operator on a manifold 
whose boundary equipped with a positive scalar curvature metric. In Section 4, we 
prove the main theorem of the paper. In Section 5, we apply our main theorem to map 
the Stolz's positive scalar curvature exact sequence to a long exact sequence involving 
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Kn+,{Cl{XY) 



Ind 

Kn+l{C*{XY) 



the i^-theory of localization algebras. In Section 6, we show that the i^-theoretic long 
exact sequence used in Section 5 is canonically isomorphic to the long exact sequence 
of Higson and Roe. In particular, the explicit construction shows that the definition 
of the higher rho invairiant in our paper is naturally identical to that of Piazza and 
Schick [21, Section 1.2]. 

Acknowledgements We wish to thank Thomas Schick for bringing the main question 
of the paper to our attention and for sharing with us a draft of their paper [21]. 



2 Preliminaries 



2.1 K-theory and index maps 

For a short exact sequence of C*-algebras 

0^ J A/ J ^ 0, 

we have a six-term exact sequence in i^-theory: 

MJ) > Ko{A) > MA/ J) 



K^{AlJ)i IU{A)^ 

Let us recall the definition of the boundary maps di. 

Even case. Let u be an invertible element in Aj J . Let v be the inverse of u in 
A/ J. Now suppose U,V E A are lifts of u and v. We define 



W 



1 u 

1 



1 
~V 1 



1 u 

1 



-1 





Notice that W is invertible and a direct computation shows that 



W 



V 



Consider the idempotent 

'\ 



P = W 







\JV ^\JV{\-\JV) (2 + f/l^)(l-f/y)f/\ 
V{\ - UV) (1 - UVf J 



We have 



By definition. 



P- 



1 




ej. 



do{[u]) = [P] - 



1 




e MJ). 



Remark 1. If u is unitary in A/ J' and U G ^ is a lift of u, then we can choose V = U* 
Odd case. Let q be an idempotent in A/ J' and Q a lift of q in A. Then 



[e^-Q] e K,iJ). 
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2.2 Roe algebras and localization algebras 

In this subsection, we briefly recall some standard definitions in coarse geometry. We 
refer the reader to [22, 28] for more details. Let X be a proper metric space. That is, 
every closed ball in X is compact. An X- module is a separable Hilbert space equipped 
with a ^-representation of Co{X), the algebra of all continuous functions on X which 
vanish at infinity. An X-module is called nondegenerate if the ^-representation of 
Co{X) is nondegenerate. An X-module is said to be standard if no nonzero function 
in Co{X) acts compact operator. 

Definition 2. Let Hx be a X- module and T a bounded linear operator acting on Hx- 

(i) The propagation of T is defined to be sup{d{x,y) \ {x,y) G Supp(T)}, where 
Supp(T) is the complement (in X x X) of the set points {x,y) G X x X for which 
there exist f,g E Co(X) such that gTf = and f{x) ^ 0, g{y) ^ 0; 

(ii) T is said to be locally compact if fT and T f are compact for all / G Co(X); 

(iii) T is said to be pseudo- local if [T, /] is compact for all / G Co(X). 

Definition 3. Let Hx be a standard nondegenerate X-module and B{Hx) the set of 
all bounded linear operators on Hx- 

(i) The Roe algebra of X, denoted by C*(X), is the C*-algebra generated by all 
locally compact operators with finite propagations in B{Hx)- 

(ii) D*{X) is the C*-algebra genereated by all pseudo- local operators with finite prop- 
agations in B{Hx)- In particular, D*{X) is a subalgebra of the multiplier algebra 
of C*{X). 

(iii) C2(X) (resp. D*j^{X)) is the C*-algebra generated by all bounded and uniformly 
continuous functions / : [0, oo) -)■ C*{X) (resp. / : [0, oo) D*{X)) such that 

propagation of /(t) — )■ 0, as t — t- oo. 

Again D*^{X) is a subalgebra of the multiplier algebra of C£(X). 

(iv) C2g(X) is the kernel of the evaluation map 

ev : C2(X) ^ C*(X), ev(/) = /(O). 

In particular, C£q(X) is an ideal of C2(X). Similarly, we define D*i^q{X) as the 
kernel of the evaluation map from D*j^{X) to D*{X). 

(v) If F is a subspace of X, then C2(F;X) (resp. C*j^q{Y;X)) is defined to be the 
closed subalgebra of C2(X) (resp. C2 o(^)) generated by all elements / such that 
there exist Q > satisfying limt_>.oo Q = and Supp(/(t)) C {{x^y) G X x X | 
d{{x,y),Y X Y) < ct} for all t. 
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Now in addition we assume that a discrete group T acts properly and cocompactly 
on X by isometries. In particular, if the action of F is free, then X is simply a F-covering 
of the compact space X/T. 

Now let Hx be a X-module equipped with a covariant unitary representation of F. 
If we denote the representation of Co{X) by (p and the representation of F by tt, this 
means 

7r(7)(v^(/)0 = V^(r)(vr(7)0, 

where / G Co{X), 7 G F and f^{x) = f{'j~^x). In this case, we call {Hx,T,ip) a 
covariant system. 

Definition 4 ([30]). A covariant system {Hx,^,<f) is called admissible if 

(1) the F-action on X is proper and cocompact; 

(2) Hx is a nondegenerate standard X-module; 

(3) for each x G X, the stabilizer group F^,. acts on Hx regularly in the sense that the 
action is isomorphic to the action of F^^ on /^(F^) ^H for some infinite dimensional 
Hilbert space H. Here F^^ acts on /^(F^) by translations and acts on H trivially. 

We remark that for each locally compact metric space X with a proper and co- 
compact isometric action of F, there exists an admissible covariant system {Hx, F, v^). 
Also, we point out that the condition (3) above can be dropped if F acts freely on X. 
If no confusion arises, we will denote a covariant system [Hx, F, (p) by Hx and call it 
an admissible {X, F)-module. 

Remark 5. For each (X, F) above, there always exists an admissible (X, F)-module "H. 
In particular, © "H is an admissible (X, F)-module for every (X, F)-module H. 

Definition 6. Let X be a locally compact metric space X with a proper and cocompact 
isometric action of F. If Hx is an admissible (X, F)-module, then we define C*(X)^ 
to be the C*-algebra generated by all F-invariant locally compact operators with finite 
propagations in B{Hx)- 

Since the action of F on X is cocompact, it is known that in this case C*(X)^ is 
♦-isomorphic to C*(F) ® /C, where C*(T) is the reduced group C*-algebra of F and K, 
is the algebra of all compact operators. 

Similarly, we can also define D*{XY, Dl{X)^, Qo(^)^> ^2o(^)^> 

CliY;Xy ^ndCl,iY;Xy. 

Remark 7. C*(X) = C*{X, Hx) does not depend on the choice of the standard nonde- 
generate X-module Hx- The same holds for D*{X), Q(X), Dl{X), Cl o{X), DI q{X), 
Cl{Y]X), CIq{Y] X) and their F-invariant versions. 

Remark 8. Note that we can also define maximal versions of all the C*-algebras above. 
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2.3 Index map, local index map and higher rho invariant 

In this subsection, we recall the constructions of the index map, the local index map 
(cf. [28, 30]) and the higher rho invariant. 

Let X be a locally compact metric space with a proper and cocompact isometric 
action of F. We recall the definition of the A'-homology groups Kj{X), j = 0, 1. They 
are generated by certain cycles modulo certain equivalence relations (cf. [16]): 

(i) an even cycle for Kq{X) is a pair {Hx,F), where Hx is an admissible (X, F)- 
module and F G B{Hx) such that F is F-equivariant, F*F — I and FF* — I are 
locally compact and [F, /] = Ff — fF is compact for all / G Co{X). 

(ii) an odd cycle for Kf^X) is a pair {Hx,F), where Hx is an admissible (X, F)- 
module and F is a self-adjoint operator in B{Hx) such that — / is locally 
compact and [F, f] is compact for all / G Cq{X). 

Remark 9. In the general case where the action of F on X is not necessarily cocompact, 
we define 

KliX) = Kf{Y) 

YCX 

where Y runs through all closed F- invariant subsets of X such that Y/T is compact. 
2.3.1 Index map and local index map 

Now let {Hx,F) be an even cycle for Kq{X). If Hx is not admissible, then we take 
the direct sum Hx with an admissible (X, F)-module "H and define F' = F (B 1- It is 
easy to see that {Hx © 'H,F') is equivalent to {Hx,F) in Kq{X). So without loss of 
generality, we assume Hx is an admissible (X, F)-module. 

Let {Ui} be a F-invariant locally finite open cover of X with diameter(f/i) < c for 
some fixed c > 0. Let {(pi} be a F-invariant continuous partition of unity subordinate 
to {Ui}. We define 

G = j:<py'F(py\ 

i 

where the sum converges in strong topology. It is not difficult to see that {Hx,G) is 
equivalent to (Hx,F) in Kq{X). By using the fact that G has finite propagation, we 
see that G is a multiplier of C*(X)^ and G is a unitary modulo C*(X)^. Now by the 
standard construction in Section 2.1 above, G produces a class [G] G Kq{C* (X)^) . We 
define the index of {Hx, F) to be [G]. 

From now on, we denote this index class of [Hx, F) by lnd{Hx, F) or simply Ind(F) 
if no confusion arises. 

For each n G N, let {Unj} be a F-invariant locally finite open cover of X with diam- 
eter {Un,j) < 1/n and {(pnj} be a F-invariant continuous partition of unity subordinate 
to {Un,j}. We define 

G{t) = 5^(1 -{t- n))<f>l{]G<f>y] + {t- n)<f>l%^^G<f>l%^^ 
j 

for t E [n,n + 1]. 
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Remark 10. Here by convention, we assume that the open cover {Uqj} is the trivial 
cover {X} when n = 0. 

Then G{t),0 < t < oo, is a multipher of C1{X)^ and a unitary modulo C£(X)'", 
hence defines a class in Kq{CI{X)^) . We define the local index of {Hx, F) to be 

[G{t)] G MCliXf). 

From now on, we denote this local index class of {Hx,F) by lndL{Hx, F) or simply 
Indi(F) is no confusion arises. 

Now let {Hx, F) be an odd cycle in K^{X). With the same notation from the above, 
we set q = Then the index class of {Hx, F) is defined to be [e^"?] e Ki{C*{X)^). 
For the local index map Indx, : K^{X) — i- Ki{Cl{Xy) , one simply uses q{t) = 
in place of q. 

Now suppose M is an odd dimensional complete spin manifold without boundary 
and we fix a spin structure on M. Assume that there is a discrete group F acting on 
M properly and cocompactly by isometries. In addition, we assume the action of F 
preserves the spin structure on M. Let S be the spinor bundle over M and D = Dm 
be the associated Dirac operator on M. Let Hm = L'^{M,S) and 

F = D{D^ + 1)-^/^. 

Then {Hm,F) defines a class in i^f(M). By the above discussion, we have both the 
index class and the local index class of {Hm, F). We shall denote them by Ind(DM) £ 
Ki{C*{Mf) and ^^(Dm) e Ki{Cl{Mf ) respectively. 

The even dimensional case is essentially the same, where one needs to work with 
the natural Z/2Z-grading on the spinor bundle. We leave the details to the interested 
reader (see also Section 3.2 below). 

Remark 11. If we use the maximal versions of the C*-algebras, then the same construc- 
tion defines an index class (resp. a local index class) in the /^-theory of the maximal 
version of corresponding C*-algebra. 

2.3.2 Higher rho invariant 

With M from above, suppose in addition M is endowed with a complete Riemannian 
metric h whose scalar curvature k is positive everywhere, then the associated Dirac 
operator {DM,h) naturally defines a class in Ki{CIq{M)^). Indeed, recall that 

1)2^ V*V+^, 
4 

where V : C°°{M,S) C°°{M,T*M (g) S) is the connection and V* is the adjoint of 
V. It follows immediately that D(D^ + 1)"^/^ is invertible in this case. In fact, in this 
case we can define 

F = D\Dr\ 
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Then is a genuine projection. Let G be as above. Then q = is a (5-quasi- 
projection with 6 sufficiently small^, where q being a (5-quasi-projection means that 
q* = q and 

- q\\ < S. 

Notice that e^'^*'' is sufficiently close to 1, when g is a (5-quasi-projection for 6 sufficiently 
small. 

Now define a similar path of elements G{t), <t < oo, as above. Let q{t) = ^^^y^. 
We form the path e^'^^^^*), < t < oo, in (Q(M)r)+. Since e^'^*'?^ = e^'^^^ is sufficiently 
close to 1, we can connect e'^^^''^'^^ to 1 by a path of invertible elements (e.g. the linear 
path between e^'^*'^*^"^ and 1). Now define 




t^2mm + (^l-t) iftG[0,l]; 

^2niq{t-l) ift>l. 



Then u{t),0 < t < oo, gives rise to a class in i^i(C£ q(M)^). This class is called the 
higher rho invariant of {Dm, h) and will be denoted by p{Dm, h) from now on. 

Again, the even dimensional case is essentially the same, where one needs to work 
with the natural Z/2Z-grading on the spinor bundle. We leave the details to the 
interested reader (see also Section 3.2 below). 

Remark 12. If we use the maximal version of the C*-algebra C£ oiM)^ , then the same 
construction defines a higher rho invariant in the i^'-theory of the maximal version of 



3 Manifolds with positive scalar curvature on the 
boundary 

In this section, we discuss about the higher index classes of Dirac operators on spin 
manifolds with boundary, where the boundary is endowed with a positive scalar cur- 
vature metric. 

Throughout the section, let M be a complete spin manifold with boundary dM 
such that 

(i) the metric on M has product structure near dM and its restriction on dM has 
positive scalar curvature; 

(ii) there is an proper and cocompact isometric action of a discrete group F on M; 

(iii) the action of F preserves the spin structure of M. 

We attach an infinite cylinder ]R>o x dM = [0, oo) x dM to M. If we denote 
the Riemannian metric on dM by h, then we endow M>o x dM by the standard 

"'^This can always be achieved by choose an appropriate partition of unity. Note that in this case, 
although G has finite propagation, the propagation may be very large. In other words, in general the 
smallness of the propagation of G and the invertibility of G cannot be achieved at the same time. 
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product metric dr"^ + h. Notice that all geometric structures on M extend naturally to 
Moo = M Uqm (M>o X dM). The action of T on M also extends to M^o- 

Let us set M„ = M Uqm ([0,n] x dM), for n > 0. In particular, Mq = M. Again, 
the action of F on M extends naturally to M^, where F acts on [0, n] trivially. 

Remark 13. In fact, without loss of generality, we assume that we have fixed an iden- 
tification of a neighborhood of dM in M with [—3, 0] x dM. For < A; < 3, we will 
write 

M_fc = M\((-fc,0] X dM). 
This will be used later for notational simplification. See Figure 1 below. 




M>n X dM 



Figure 1: Attaching R>o x dM to M. 

Now let D = Dm^ be the associated Dirac operator on M^o = MUqm (IR>o ^ dM). 

Claim. In the above setting, D in fact defines an index class, denoted by Ind(D), in 
K,{C*{Mn)^) = K,{C*{M)^). 

In this section, we carry out a detailed construction to verify this claim. 

Remark 14. The action of F on M^ = M Uqm (M>o x dM) is not cocompact, that is, 
Moo/F is not compact. 

Remark 15. The above claim is not true in general, if we drop the positive scalar 
curvature assumption near the boundary,. 

Let K be the scalar curvature function on M^o = M UgM (IR>o x dM) and p a 
F-invariant nonnegative smooth function on M^q satisfying: 

(a) Supp(p) C Mn = M Uqm ([0,n] x dM) for some n e N; 

(b) there exists c > such that p{y) + > c for all y G Moo. 
Define 



Recall that 



It follows that 



1 2 1 



X TT Jq X + 

2 '"^ 



dX. 



{D^ + p + X^)-^dX 
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Now by using the equahty 

(D^ + p + A2)-1L> - D{D^ + p + a2)-i = (1)2 ^ p + A2)-1[D, p]{D^ + P + \Y\ 
we have 

= D{D^ + p)-''^D{D^ + 

= ^2^2 ^ ^yl ^ ^^p2 ^ ^^-1/2 

= 1 - p{D^ + p)-^ + DR{D^ + p)-^/' 

where R^^J^ R{X)dX with 

i?(A) = (£>2 + p + A2)-1[L', pKD^ + p + A2)-\ 

Since Supp(p) and Supp([D,p]) are F-cocompact, it follows that both p{D^ +p)^^ and 
DR{D^ + p)-V2 are in C*{M^y. 

In fact, for Vs > 0, there exists such a p satisfying: 

(i) p = C on = M LidM ([0,ni] x dM) and p = on [n2, oo) x 9M for some 
712 > rii > and some constant C > 0; 

(ii) p{x, y) = p{x, y') for all y, y' G dM, where {x, y) G (ni, 712) x dM. In other words, 
p is constant along 9M. In particular, it follows that 

[D\p]^p" + 2p'D 

where p' — d^p and p" — d^p; 

(iii) \\{D'' + p)-'[D^,p]{D^ + p)-^<ea,nd \\DR{D^ + p)-^/^ < e. 

Let Oo be a real number such that Supp(p) C Ma^. Let us decompose the space 
L2(Moo, S) into a direct sum L2(M„, S) © L'^(R>a x dM, S) for a > Oq. If we write 

^2 ^ A2\ 

V^21 ^22/ 

with respect to this decomposition, then it follows that 

P12II < 2£, P21II < s and P22 - 1|| < e. 
Here to see the estimate for the term ^412, we can rewrite 

F2 = 1 _ (^2 ^ ^ylp _ (^2 ^ p)-l[£,2^ ^] (^2 ^ ^ ^^(^2 ^ ^)-l/2^ 

SIIICG 

p(L'^ + p)-^ = (L*^ + p)-V + {D' + p)-'[D', p] {D' + p)-\ 
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3.1 Invert ibles 

Now suppose the dimension of Moo — M Uqm (K>o x dM) is odd. Let F — Fp as above 
and P = Notice that 



Now for V5 > and Vn G N, we can choose a F-invariant locally finite open cover 
{Un,j} of Moo and a set of F-invariant partition functions {^n,j} subordinate to {Unj} 
such that 

(a) if Unj C M, then diameter (f/„j) < 1/n, where we call 1/n the propagation upper 
bound on the subset M C M^o] 

1 /2 

(b) if Unj is not contained in M, then ||[F, (^^- ]|| < 5; 

(c) if Un,j C ]R>o X dM, then C/„j intersects at most two open sets Unj' with / 7^ j. 

Remark 16. When n = 0, we assume that the open cover {Uqj} is the trivial cover 
which consists of a single set Moo. 

Let us define 



j 

for t e [n, n + 1] . It follows immediately that 

(i) For each fixed t e [0, 00), F{t) defines the same class lnd{DM^) £ Ki{C*{Moo)^); 

(ii) the propagation F{t) restricted on M_i = M\((— 1, 0] x dM) goes to 0, as i — >■ 00. 
Now let us write 



with respect to the decomposition L'^{Ma, <S) ® L^(]R>a x dM, S) as before. Notice that 
there exists Aq such that 



Pi2-5i2(t)|| <2<5,||A2i-S2i(t)|| <25 and P22 - 522(t)|| < 25 

for the decomposition L^{Ma, S) © L^(K>a x dM, S) with a > Aq and all t e [0, 00). 
Now let P{t) = then 




A12 
A22-I 




(1) 





It follows that \\E{t) - {P{ty - P{t)) \\<{e + 6)/2, where 
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Recall that e^'^*^*^*) is a representative of the index class Ind{DM^) G Ki{C*{M^)^), 
for each fixed t e [0, oo). Now for each N eN, consider the polynomial 



n=0 



Write Q — P{t). Since Q has bounded spectrum, we can choose N such that 

||/^(g)_e2-Q|| 
is as small as we want. Note that for all n > 2, we have 



(E^'l (^'-^)- 

0=0 



It follows that 



N 



nl 



n=0 



N 



1+ E 

\n=l 
/ N 

1+ E 



(27ri) 
n! 



TV 



n=l 



n! 



AT n-2 



EE 



Definition 17. We define 



JV n-2 



27rzl 



Now we recall some basic estimates. First, it is obvious that 

AT 



22 - — r ^ 0' as ^ 00. 



n=l 



Moreover, if we denote by ({t) = max{||P(i)||, 1}, then 

TV n-2 



n=l j=l 

for all N eN. 

It follows immediately that 



nl 



< 2nC{t) ■ e 



. p27rC(t) 
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for sufficiently large A^. 

Notice that ||-P(t)|| may change as t varies. An essential property of F{t) we con- 
structed above is that the propagation upper bound on M_i = M\((— 1, 0] x dM) goes 
to as t — )■ oo. However, we can choose e and 6 to be arbitrarily small, independent 
of the upper bound of F{t) on Ma = M Ubm ([0,2] x dM). It follows that, for each 
t, we can choose e = 6{t) and 6 = 6{t) to be so small^ that u{t) is sufficiently close 
to e^'^*-^'^*^ and in particular is invertible. Let X(t) be the propagation of P{t) and'^ 
A(t) = Ao + . A(t). Recall that 

with respect to the decomposition L'^{M\g,S) © L^(]R>Ao x dM,S). It follows im- 
mediately that u(t) preserves the subspace L^(MA(t), 5). Moreover, u{t) = 1 on 
L2(M>AW x9M,5). 

Now we need to justify that, for each t G [0, cxo), the element u{t) defines a class in 
Ki{C*{MA(^t))^). After all, u{t) i (C*(MA(t))r)+ in general 

Definition 18 (r-closeness in the odd case). Let ^ be a unital C*-algebra and J a 
closed ideal of A. For r > 0, we call an invertible element x E A is r-close to J if 
there exists an element y G such that 

II II • / ^ \ 

\\x — y\\ < mm <t, j . 

Recall that fN{P{t)) G {C*{M^yy. Moreover, it follows from our construction 
above that, for Vr > 0, we can choose u(t), which is an element in D*{Mm))^ , to 
be r-close to {C*{M/^(^t))^)~^ ■ In fact, for sufficiently small^ r > 0, we can choose 
ui{t) G (C*(MA(t))^)+ such that \\ui{t) - u{t)\\ < r and Ui{t) = u{t) on L2(Mi,>S). In 
particular, Ui{t) is invertible. 

Definition 19. With the same notation as above, for each fixed to G [0, oo), the class 
associated to M(to) in -^i(C'*(^A{t))'") is defined to be ['Ui(to)]- 

It is easy to see that this class is independent of the choice of Ui(to). So we will 
simply denote it by [^(to)] from now on. Moreover, M^to) is clearly (F-equivariantly) 
coarsely equivalent to Mq = M. So we can think of Ind(DMoo) = [""(^o)] as a class in 

3.2 Idempotents 

The even dimensional case is parallel to the odd dimensional case above. We will briefly 
go through the construction but leave out the details. 

^More precisely, this can be achieved by choosing appropriately the function p and those of {</5nj} 
that have support in IR>2 x dM. 

■^To be more precise, Aq = Ao(t) and N = N{t) also depend on t. 
^For example, any positive number t < 4, suffices. 
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Now we assume that = M Uqm (I^>o ^ dM) is even dimensional. Then the 
associated Dirac operator Dm^ is an odd operator with respect to the natural Z/2Z- 
grading on the spinor bundle S. Let F{t) be as in formula (1) above. This time, Fit) 
is also odd-graded and let us write 

^^^^-\y{t) ) 

with respect to the Z/2Z-grading. Notice that 

pu^2 _ (U{t)V{t) 

Now with respect to a decomposition L'^{Ma, 5) ©L^(R>a x dM, S) of the Hilbert space 
L^(Moo,iS), let us write 

Then, without loss of generality, we can assume that the operator norms of B12 (t) , -B21 (t) , 
{B22(t) — I) , Ci2(t) , C2i(t) and {C22(t) — 1) are all sufficiently small. If we write 

'1 u{t)\ (I o\ A u{t)\ (0 -r 

1 i [-v{t) 1 M 1 Ml 



Wit) 



1 




then for each fixed t G [0, 00), the index class of -Da/oo is 

Ind(DM^) = [pit)] - 
where 

Pit) = Wit) (^^ 

_ (Uit)Vit) + f/(t)V^(t)(l - Uit)Vit)) (2 + f/(t)\/(t))[/(t)(l - Vit)Uit))\ 

"V nt)(i-t/(t)nt)) (1 - t/(t)v^(t))2 )■ 



Now if we set 



then - (1 - f/(t)\/(t))|| and \\Z2 - (1 - 1/(t)f/(t)) || are sufficiently small. Define 

q(t) 



(l-Z,itf i2 + Uit)Vit))Uit)Z2it) 
\Vit)Z^it) 

Similar to the odd dimensional case, it is not difficult to see that there exists A(t) > 
such that preserves the subspace L^(MA(f),5) and g(t) = (qq) on L^(]R>A(t) x 
dM,S). Furthermore, we have the propagation of on M_i = M\((— 1,0] x dM) 
go to zero as t — )■ 00. Again, ^ (C*(MA(t) )'")"'" in general. To justify that the 
element in fact defines a class in KQiC*iM^t))^) for each t G [0, 00), we introduce 
the following definition. 
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Definition 20 (r-closeness in the even case). Let ^ be a unital C*-algebra and J a 
closed ideal of A. For r > 0, we call an element x G ^ is r-close to J if there exists 
an element y G such that 

||x — y\ < min |r, | — -'^ . 

Now for each ^ [0,oo), we choose an element gi(to) in (C'*(MA(t))^)^ that is 
r-close to q{to) with r sufficiently small. It is not difficult to see that qi{to) is almost 
an idempotent and defines a class in Ko{C^:{M^to))^) (cf- [27, Section 2.2]). Moreover, 
this class in Ko{C^{Mm^))^) is independent of the choice of such ^1(^0)5 hence will be 
denoted by [q'(to)] from now on. Again, we can think of Ind(-DMcx,) = [^'(^o)] as a class 
in KoiC*iMf) ^ Ko{C*{Mj,^,^^)f). 

Remark 21. The same construction works if we switch to the maximal versions of all 
the C*-algebras above. 

4 Main theorem 

In this section, we prove the main theorem of this paper. 

Let M be a complete spin manifold with boundary dM such that 

(i) the metric on M has product structure near dM and its restriction on dM, 
denoted by h, has positive scalar curvature; 

(ii) there is an proper and cocompact isometric action of a discrete group F on M; 

(iii) the action of F preserves the spin structure of M. 

Recall that we denote by Moo = MUaM (M>o x dM) and M„ = MUom ([0, n] x dM) 
forn > (cf. Section 3). We denote the associated Dirac operator on M^o by and 
the associated Dirac operator on dM by Dqm- Let m = dimM. Recall the following 
facts: 

(a) by our discussion in Section 3, the operator Dm^ actually defines an index class 
IndiDMj G KUC*iM)^); 

(b) by the discussion in Section 2.3.2, there is a higher rho invariant p{DgM,h) G 
Km-i{CLfi{dM)^) naturally associated to DgM', 

(c) the short exact sequence 

^ CloiM)^ Cl{M)^ C*{M)^ -> 
induces the following long exact sequence 

■ • • ^ K.iCUM)^) ^ K,iC*iM)^) % Ki^iiCl.iM)^) ^ ir,_i(Q(M)r) ^ ■ ■ ■ ; 
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(d) the inclusion map l : Cl^^dM-Mf CloiMf induces a natural map 
K,{Cl^{dM;MY) K,{Cl^{Mf) (cf. Section 2.2); 

(e) there are natural isomorphisms (cf. [28]) 

K,{Cl,{dM-MY) 




Ki{Cl^idMy)^K,iCl,idM;R<o x dM)^) 
where dM = {0} x dM ClS db subset of M<o x dM. 

We have the following main theorem of the paper. This extends a theorem of Piazza 
and Schick [21, Theorem 1.17] to all dimensions. 

Theorem 22. With the same notation as above, the image of lnd{DM^) under the 
map 

lies m L^{Km-iiCl o{dM; M)^)). Moreover, 

d^{lnd{DM^)) = p{DsM,h) 

after the natural identification ir„„i(Q_o(9M)^) = ir„_i(Q o(9M; M)^). 

Proof. We will carry out a detailed proof for the odd dimensional case (i.e. when m is 
odd). The proof for the even dimensional case is essentially the same. 
By the discussion in Section 3, we have 

lnd{DMjeKUC*{Mf). 

Moreover we can choose a uniformly continuous path of invertible elements^ u{t) G 
(C*(M)r)+ such that 

(i) [u(t)] = lnd{DM^) for each fixed t G [0, oo), 

(ii) the propagation of u{t) restricted on L2(M_i,iS) goes to 0, as t — )■ oo, 

where we recall that M_i = M\((-1,0] x dM). 

For each t G [0, oo), choose F-invariant partition functions {ifty'ipt} on M such that 

(a) ipt{x) + V't(x) = 1; 

(b) (pt{x) = 1 on M_2 and (pt{x) = on [-1, 0] x dM; 

(c) ipt X[-2,o]) as t — 7- oo, where X[-2,o] is the characteristic function on [—2, 0] x dM. 
5 Here we have identified C*{Mj^(_t)f with C*{Mf. 
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Now let 9{t) e C°°(— 00,00) be a decreasing function such that ^|(_oo,i] — 1 a-nd 
^\[2,oo) — 0. We define 

U(t) = l^^~ + ^ + if t G [0, 1] 

- + e{t)4!_lu{t - if t e [1, 00) 

Notice that U{t) e (C*(M)^)+ for each t e [0, 00). By construction, the path U{t), < 
t < 00, is a hft of u{0) e (C*(M)'")+ for the short exact sequence 

^ C^oiMf Cl{Mf C*{Mf 0. 

We also apply the same argument to v{t) — u{t)~^ and define similarly 

V{t),0< t < 00, in {Cl{Mfy. 

Now for each < i < 00, we define an idempotent 

_ fU{t)V{t) + U{t)V{t){l - U(t)V{t)) (2 + U{t)V{t))U{t){l - V{t)U{t))\ 

' - Vim - u{t)v{t)) (1 - uit)v{t)r J ■ 

By definition, we have 

do{lnd{DMj) = \p{t)] - [ih'o)] e Ko{Cl,{Mf). 
By construction, p{t) preserves the decomposition 

L\M_2, S) e L\[-2, 0] X dM, S) 
and p{t) = ( 1 ) on L'^{M_2, S), where M_2 = M\((-2, 0] x dM). So we have 

bW] - [(^8)] e ^o(C2,o([-2,0] X aM)^) - KoiCloidMf) - i^^olCl.ol^^; M)^ 
Let us write 



(3) 



A+ = C2,o(K>o X dMf, A- = C2,o(K<o X dM)^, 



and 



J_ = C2,o(9M;R<ox9M)r, 

where dM — {0} x 9M as a subset of R<o x dM. To prove the theorem, it suffices to 
show that the following diagram commutes: 

Dm^ I ^ {Dqm, h) 



Ind 



K^{C*{Mf) 



KoiCUdMf) 



Ko{CUM)^)< Ko{CUdM;Mf) - Ko{J-) 
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Notice that the following C*-algebras are naturally isomorphic to each other: 
A-U- = Cloi^ X dMy/Cl^{R>o X 9M;M X dM)^ 

^ C2,o(^<o X dM;Rx SM)^/^ o(9M; M x dMf. 
Consider the following short exact sequence of C*-algebras 

C'l ri{R>ox9M;RxOM)r 

Cl oidM; R X dMf ; © ^ Q,o(^ x dMf ^ 0, 

' C£ q(M<q xOA'/;IR.xOA/)^ ' 

where dM = {0} x dM as a subset of R x dM. This is a Mayer- Vietoris sequence for 
the decomposition R x dM = (R>o x dM) U{{o}xdM) (^<o x It is clear that the 

following diagram commutes: 



-J- ' e 

Clo{R<(,xdM;RxdMf 



X dUf 



-+0 



> Cl oidM; R x aM)^ > Q.o(R<o x ^Af ; R x aM)^ 



-^0 



■A-/J- 



^0 



where the maps are all defined the obvious way. Recall that (cf. [28]) 

K,{A+) = K,{Clo{R>o xdM;Rx dMf), 
Ki{A_) = ir,(Qo(R<o X 9M;R X dMf), 

and 

K,iJ_) = K,{Cl^{dMf) = KiiCl,{dM;Rx dMf). 

In particular, the second row and the third row of the above commutative diagram give 
rise to identical long exact sequence at i^-theory level. Therefore, we have following 
commutative diagram: 

(-DRxaM, dx^ + h)\ ^ [Dqm, h) 



Ki{A-)®Ki{A^ 
Ki{A^) — 



^Ki{CIq{R X dM) 
>K^{A^/J_)- 



r\ 9mv 



^K,{Cl,{dMY) 
-^MJ-) 

di 

Ki{C*{M)^) 

Ind 

{Dm J 



where we have 
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(i) duv [p(-DMxaM, dx^ + h)] = p{Dqm, h) follows essentially from the Bott periodic- 
ity. Indeed, p(-DRxaAf, dx^ + h) in fact naturally lies in i^i(C2(M) ® C£ q(9M)'"). 
Consider 



Ki(Cl(R<o)'g)Cl,,(dMf) 
Ki(C2(R>o)»C2_o(9M)r) 



{DrxOm, dx^ + h)\ ^ {Dqm, h) 



9m V 



KoiC'UdMr) 



then it suffices to verify that the following diagram commutes: 

-Dm I 



K^{CliR<o)) © i^i(Q(M>o)) > iri(Q(M)) ^ i^o(Q({0})) 

This follows from the Bott periodicity. 

(ii) 5 o 92 [p{D]^xdM, dx^ + h)] = di{lTid{D m^)) follows from our construction of 
in (3). In fact, if we apply the same construction of di{lnd{D m^)) to define the 
class 60Q2 [p{D^xdM, dx"^ + h)], we need to replace L2{M, S) by L2(M<o x dM, S). 
However, this component L2(M<o x dM,S) does not contribute to the class 6 o 
Q2 [p{D^xdM , dx^ + h)] in the end and the construction gives a representative 
identical to that of di{lnd{DM^))- 

This finishes the proof. 

□ 

Remark 23. To deal with manifolds of dimension m 7^ (mod 8) in the real case, we 
work with Clm-linear Dirac operators, cf. [17, Section II. 7]. Here Cl^ is the standard 
real Clifford algebra on M"^ with CjCj + ejCi = —26ij. We recall the definition of Cl^- 
linear Dirac operators in the following. Consider the standard representation i of Spin^ 
on Clm given by left multiplication. Let M be the manifold from the beginning of this 
section and Pspm(^) be the principal Spin^-bundle, then we define (3 to be the vector 
bundle 

6 = Pspin(M) X, CU. 

We denote the associated Clm-linear Dirac operator on Moo by 

Notice that the right multiplication of Cl^ on (3 commutes with £. Moreover, D is 
invariant under the action of T. Then, by the same argument as in Section 3, D defines 
a higher index class 

Ind(D) G Ko{C*{M,Rf^C\m) = K„,{C*{M,Rf) ^ K^{C*{M,Rf), 
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where C*{M,M.)^ stands for the F-invariant Roe algebra of M with coefficients in M. 
Moreover, K^, stands for the Z2-graded i^-theory of C*-algebras, ® stands for Z2-graded 
tensor product, cf. [15, Chapter III]. Notice that for a trivially graded C*-algebra A, 
we have 

In the case of a manifold without boundary, i.e. dM = 0, then we can define the local 
index class of D and denote it by 

Indz.(D) G Ko{Cl{M,Ry§)C\^) = K^{Cl{M,m)^) = ir„(Q(M, M)^), 

whose image under the evaluation map ev* : Km{Cl{M,R)^) Km{C*{M,R)^) is 
Ind(2)). Moreover, the higher rho invariant is also defined similarly in the real case. 

Remark 24. Theorem 22 also holds if we use the maximal versions of all the C*-algebras 
in the theorem. 

The following corollaries are immediate consequences of Theorem 22. In a similar 
context, these have already appeared in the work of Lott [19], Botvinnik and Gilkey 
[7], and Leichtnam and Piazza [18]. 

Corollary 25. With the same notation as above, if p{Dqm, h) ^ 0, then there does not 
exist a V -invariant complete Riemannian metric g on M with product structure near 
the boundary dM such that g has positive scalar curvature and g\dM = h. 

In other words, nonvanishing of the higher rho invariant is an obstruction to exten- 
sion of the positive scalar curvature metric from the boundary to the whole manifold. 

Let be a spin manifold without boundary, equipped with a proper cocompact 
action of a discrete group F. Denote by 7^^(A^)'" the space of all F-invariant complete 
Riemannian metrics of positive scalar curvature on N. For /iq, G 7^"^(A^)'", we say Hq 
and hi are path connected in 7^"'"(A^)'" if Hq and hi are connected by a smooth path of 
ht G 7^+(A^)'^, < t < t. More generally, we say ho and hi are F-bordant if there exists 
a spin manifold W with a proper cocompact action of F such that dW = NIl{—N) and 
W carries a F-invariant complete Riemannian metric g of positive scalar curvature^ with 
g\N = ho and g\-N = hi. Here —N means with the opposite orientation. Clearly, if 
ho and hi are path connected, then they are F-bordant. 

Corollary 26. Let ho, hi G R~^{N)^ as above. If p{DN,ho) ^ p{DN,hi), then ho 
and hi are not T-bordant. In particular, this implies that ho and hi are in different 
connected components ofTZ'^{N)^. 

5 Stolz's positive scalar curvature exact sequence 

In this section, we apply our main theorem (Theorem 22 above) to map the Stolz's 
positive scalar curvature exact sequence [25] to a long exact sequence of ii'-theory of 
C*-algebras. 

First, let us recall the Stolz's positive scalar curvature exact sequence. 
^We assume the metric g has product structure near the boundary. 
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Definition 27. Given a topological space X, we denote by Q^p"^(X) the set of bordism 

classes of pairs (M, /), where M is an n-dimensional closed spin manifold and f : M ^ 
X is a continuous map. Two such pairs {Mi, fi) and {M2, are bordant if there is 
a bordism W between Mi and M2 (with compatible spin structure), and a continuous 
map F : W ^ X such that F\Mi = fi- Then f2^P™(X) is an abehan group with the 
addition being disjoint union. We call the n-dimensional spin bordism of X. 

Definition 28. Let Pos^^^^{X) be the bordism group of triples {M,f,g), where M is 
an n-dimensional closed spin manifold, / : M — > X is a continuous map, and is a 
positive scalar curvature metric on M. Two such triples {Mi,fi,gi) and (M2,/2,g'2) 
are bordant if there is a bordism {W, F, G) such that G is a positive scalar curvature 
metric on W with product structure near Mj and GIm^ = Qii and FIm^ = fi- 

Then it is clear that forgetting the metric gives a homomorphism 

Posr(^) ^ (^)- 

Definition 29. B?^^^{X) is the bordism group of the triples (M, /, /i), where M is an 
n-dimensional spin manifold (possibly with boundary), / : M — )■ X is a continuous 
map, and /i is a positive scalar curvature metric on the boundary dM. Two triples 
(Ml, /i, hi) and (M2, /2, are bordant if 

(a) there is a bordism {V, F, H) between (SMi, /i, hi) and {dM2, /2, /i2) (considered as 
triples in Pos^'^'}(X)), 

(b) and the closed spin manifold Mi Uqmi V ^dM-z ^2 (obtained by gluing Mi, V and 
Af2 along their common boundary components) is the boundary of a spin manifold 
W with a map E -.W X such that E\Mi = fi and E\v = F. 

It is not difficult to see that the three groups defined above fit into the following 
long exact sequence: 

— > f^S'i(^) — ^ Kti(^) — > posr (X) — > n^rix) — > 

where the maps are defined the obvious way. 

Now let X be a proper metric space equipped with a proper and cocompact iso- 
metric action of a discrete group V . 

Definition 30. We denote by r2^P'"(X)'" the set of bordism classes of pairs {M,f), 
where M is an n-dimensional complete spin manifold (without boundary) such that 
M is equipped with a proper and cocompact isometric action of F and f : M ^ X 
is a F-equivariant continuous map. Two such pairs {Mi, fi) and {M2, f2) are bordant 
if there is a bordism W between Mi and M2 (with compatible spin structure), and 
a F-equivariant continuous map F : W ^ X such that F\m, = fi- Then Q^f^^{X)^ 
is an abelian group with the addition being disjoint union. We call fl^^'^{X)^ the 
n-dimensional F-invariant spin bordism of X. 
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Similarly, we can define the groups Pos^''™(X)^ and -R,^p™(X)^, which fit into the 
following exact sequence: 

— > ^zii^r — > — ^ posr — > — > 



Now suppose (M, /) G Qf^^{Xy and denote by Dm the associated Dirac operator on 
M. Recall that there is a local index map (cf. Section 2.3) 

IndL : KfiM) -> K,iCl{Mf). 

Let /, : Ki{Cl{M)^) Ki{Cl{X)^) be the map induced by / : M ^ X. We define 
the map 

Indz. : nr\Xf ^ K.iCliXf), (M, /) ^ /.^^(Z^m)]. 

Recall that Ki{Cl{Y)^) is naturally isomorphic to Kf{Y) for all finite dimensional 
simplicial complex Y equipped with a proper and cocompact isometric action of a 
discrete group T (cf. [28, Theorem 3.2]). Now the well-definedness of the map Ind^ 
follows immediately by using the geometric description of i^'- homology groups [5] [6]. 

Now assume in addition we have a positive scalar curvature metric g on M. In 
other words, we have (M, f,g) G Pos-''™(X)^. Then we have the map 

p : Posr(^)" UCl.iX f), {MJ,g) ^ fMDM,g)]. 

The well-definedness of the map p follows immediately from Theorem 22 above. 

Moreover, suppose we have (M, /, h) G -R^^™(X)^. By the discussion in Section 3 
and the relative higher index theorem (cf.[8][27]), we have the following well-defined 
homomorphism 

Ind : /?r(X)r ^ K,{C*{Xf), {MJ,g) ^ Mlnd{DMj]. 

Theorem 31. For all n G N, the following diagram commutes 

QZiixy y Kiiixr > posr (x)r — . 



Ind 



L 



Ind 



ir„+i(Q(X)r) ,Kr,+,iC*iX)^)^K^iCl,iXr) >K^iCliXr) 

Proof. The commutativities of the first square and the third square follow immediately 
from the definition. 

Let (M, /, h) G i?-P'"(X)^. Then by Theorem 22, we have 

d{lnd{DMj) = p{D9M,h). 

This shows the commutativity of the second square. 

□ 
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Remark 32. As we shall see in Section 6, we have a natural isomorphism between the 
following two long exact sequences 

Kn+i{D*iX)^) > Kn+i{D*{Xy/C*iXy) > K4C*iXy) > K^D^iX f) 

K^{Cl,{XY) >K^{Cl{XY) >K^{C*{XY) >K^^,{Cl,{XY) 

Now if in addition the action of T on X is free, then we have 9I'^'''{XY = fi^P'"(X/r), 
Pos^P^''(X)r = Posf "(X/r), and Rf^'iXY = i?^P'>^(X/r). Therefore we see that in 
this case Theorem 31 above recovers [21, Theorem 1.31] of Piazza and Schick. We 
emphasis that our proof works equally well for both the even and the odd cases. In 
particular. Theorem 31 holds for all n. 

Remark 33. We also have the maximal version of Theorem 31, by replacing all the 
C*-algebras by their maximal versions. 

6 Roe algebras and localization algebras 

In this section, we show the natural isomorphism between the long exact sequence of 
localization algebras (in Theorem 31) and the long exact sequence of Higson and Roe. 
In particular, the explicit construction naturally identifies our definition of the higher 
rho invariant (see Section 2.3.2 above) with the higher rho invariant in Piazza and 
Schick [21, Section 1.2]. 

Let X be a finite dimensional simplicial complex equipped with a proper and co- 
compact isometric action of a discrete group P. Consider the following short exact 
sequences: 

^ C*{Xf D*{XY D*{Xf/C*{Xf 0, 

and 

^ CloiXf CliXf C*{Xf 0. 
We claim that there are natural homomorphisms 

A : K,{D*{Xf/C*{Xf) ^ K,^,{Cl{Xf). 

Odd case. That is, i is an odd integer. Suppose u is an invertible element in 
D* (X)^ / C* (X)^ with its inverse v. Let U,V E D*{X)^ be certain (not necessarily 
invertible) lifts of u and v. Without loss of generality^, we assume that U and V have 
finite propagations. 

Recall that for each n G N, there exists a P-invariant locally finite open cover {Ynj} 
of X such that diameter(y„ j) < 1/n for all j. Let {4>n,j} be a P-invariant smooth 
partition of unity subordinate to {Yn j}. If we write 

j 

^by choosing approximations of U and V, hence approximations of u and v, if necessary 



25 



for t G [ra, 72 + 1]. Notice that [U, 4\!j] G C*{XY . It follows immediately that the path 
f/(t), < t < oo, defines a class in Ki{Dl{XY /Cl{XY). Then the map /3i is defined 
by 

P,{[u]) = d,[U{t)]eK,{Cl{Xf), 

where di : Ki{Dl{XY /Cl{XY) Ko{Cl{X))^ is the canonical boundary map (cf. 
Section 2.1) in the six-term ii'-theory exact sequence induced by 

^ Cl{X)^ ^ DliX f -> Dl{Xf/Cl{Xf 0. 

It is not difficult to verify that Pi is well-defined. 

Even case. The even case is parallel to the odd case above. Suppose q is an 
idempotent in D* (X)^ / C* (X)^ . If Q is a lift of q, then we define 



1/2 



for t G [n, n + 1] with the same (pnj as above. Now the map (3q is defined by 

PoM = dolQit)] e KoiClixf), 

where do : Ko{Dl{Xy /Cl{Xy) — )■ Ki{Cl{X))^ is the canonical boundary map in the 
six-term i^'-theory exact sequence induced by 

-> CliXy DliXy -> Dl{Xf/Cl{Xf 0. 

Now we turn to the maps 

ar. K,{D*{Xf) ^ K,^iiCl,{X)^). 

Suppose u (resp. q) is an invertible element (resp. idempotent) in D*{X)^. In this 
case, we can simply choose U = u (resp. Q = q). Let U{t) (resp. Q{t)) be as above. 
Now we apply the construction of the index map di (resp. Oq) in Section 2.1 to U{t) 
(resp. Q{t)). One immediately sees that the resulting element is an idempotent (resp. 
invertible element) in 

We define a i(u) (resp. Q;o(g)) to be this element in i^'o(CL,o(^)'") (resp. Ki{CI q{X)^)). 
Again it is not difficult to see that aj is well-defined. 

Proposition 34. The homomorphisms 

ai : K,{D*{Xy) ^ K,^i{Cl,{Xy) 

and 

A : K,iD*iXf/C*iXf) K.^iiCliXf) 

are isomorphisms. Moreover, a-i and /3j are natural in the sense that the following 
diagram commutes. 

K,+i{D*{XY) yKi+i{D*{XY/C*{XY) >Ki{C*{XY) >K,{D*{XY) 



UciJxY) >Uci{xY) >Uc*{xY) — >K,-i{cuxY) 
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Proof. The commutativity of the diagram follows by the definitions of the maps and 

A. 

We first prove that is an isomorphism. Notice that we have Mayer- Vietoris 
sequences for i^-theory of both D*{Xy/C*{Xy and (cf. [23, Chapter 5] and 

[28]). It is trivial to verify that Pi is an isomorphism when X is 0-dimensional (i.e. 
consisting of discrete points). By using Mayer- Vietoris sequence and the five lemma, 
the general case follows from induction on the dimension of X. 

Now it follows from the five lemma that is an isomorphism. This finishes the 
proof. 

□ 

Remark 35. In fact both Ki+i{D*{X)^ /C*{X)^) and Ki{Cl{Xy) are naturally iden- 
tified with the i^-homology group Kf{X) (cf. [23, Chapter 5] and [28]). The map /3i 
equates these two natural identifications. 

Remark 36. By following the construction of the isomorphism a^, one immediately sees 
that our definition of the higher rho invariant (see Section 2.3.2 above) is equivalent 
to that of Piazza and Schick [21, Section 1.2]. 

Remark 37. We also have the maximal version of Proposition 34, by replacing all the 
C*-algebras by their maximal versions. 
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